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Abstract—The inverse electrocardiography problem related to medical diagnostics is considered in
terms of potentials. Within the framework of the quasi-stationary model of the electric field of the heart,
the solution of the problem is reduced to the solution of the Cauchy problem for the Laplace equation in
R3. A numerical algorithm based on the Tikhonov regularization method is proposed for the solution of
this problem. The Cauchy problem for the Laplace equation is reduced to an operator equation of the
first kind, which is solved via minimization of the Tikhonov functional with the regularization parameter
chosen according to the discrepancy principle. In addition, an algorithm based on numerical solution of
the corresponding Euler equation is proposed for minimization of the Tikhonov functional. The Euler
equation is solved using an iteration method that involves solution of mixed boundary value problems
for the Laplace equation. An individual mixed problem is solved by means of the method of boundary
integral equations of the potential theory. In the study, the inverse electrocardiography problem is solved
in region Ω close to the real geometry of the torso and heart.
DOI: 10.3103/S0278641908020015

1. INVERSE ELECTROCARDIOGRAPHY PROBLEM
The inverse electrocardiography problem is an important mathematical problem arising in medical diagnostics. This problem is known in several formulations. The inverse electrocardiography problem formulated in terms of potentials is considered to mean the problem of computational reconstruction of the potential of the electric field of the heart on its exterior (epicardial) surface from the registered potential on the
surface of the chest [1, 2].
The inverse electrocardiography problem is topical, because information obtained from recorded surface
electrocardiograms turns out to be insufficient for currently developed methods (including surgical methods) of treatment of cardiac-rhythm disturbances. The distribution of the potential of the electric field of the
exterior (epicardial) or interior (endocardial) heart surface contains information necessary for new clinical
methods. Within the framework of diagnostic techniques applied in modern medical practice, such information can be obtained only during surgical operations.
The following biophysical model is used in the formulation of the inverse electrocardiography problem
[3, 4]. The chest is considered as a conductor of the second kind with a constant conductivity coefficient.
The conductor occupies a bounded spatial region and is embedded in air, i.e., in a dielectric medium. The
electric field of the heart is described with the use of electrodynamic models of stationary currents, because
the electric-field potential satisfies the Poisson equation. Sources of the electric field are located in the cardial-muscle tissue. In the spatial region bounded by the exterior heart surface and the body surface, there
are no field sources and the field potential satisfies the Laplace equation. On the chest surface that contacts
with air (the conductor/dielectric interface), the normal component of the electric-field intensity is zero. The
measured potential of the electric field of the heart is known on this part of the chest surface. It is necessary
to find the potential of the electric field on the exterior surface of the heart.
Let us consider the mathematical formulation of this problem under the assumption that the chest surface
is closed and the potential of the electric field of the heart is known on the entire chest surface and the normal
derivative of the potential is zero.
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2. MATHEMATICAL FORMULATION OF THE PROBLEM
Let Ω be a region in space R3. This region is bounded from outside and inside by closed surfaces S1 and
S2, respectively. Surfaces S1 and S2 are assumed rather smooth. It is necessary to find function u(x, y, z) such
that
∆u ( x, y, z ) = 0,

( x, y, z ) ∈ Ω

(1)

and
u ( x, y, z ) = U ( x, y, z ),
∂u
------ ( x, y, z ) = 0,
∂n

( x, y, z ) ∈ S 1 ,

(2)

( x, y, z ) ∈ S 1 .

(3)

This problem is called the Cauchy problem for the Laplace equation. The Cauchy problem for the
Laplace equation is a classic example of an ill-posed problem. A great number of studies are devoted to
investigations of the uniqueness and conditional stability of its solution (see, e.g., [5] and the literature cited
therein). Several regularizing algorithms based on various principles have been developed for numerical
solution of the Cauchy problem [6–9].
In this study, on the basis of the Tikhonov regularization method [10], we develop a numerical algorithm
for solution of Cauchy problem (1)–(3) for the Laplace equation in a 3D region.
3. TIKHONOV REGULARIZATION METHOD
FOR SOLUTION OF THE INVERSE ELECTROCARDIOGRAPHY PROBLEM
Consider the mixed boundary value problem
∆u ( x, y, z ) = 0,

( x, y, z ) ∈ Ω,

u ( x, y, z ) = v ( x, y, z ),
∂u
------ ( x, y, z ) = 0,
∂n

(4)

( x, y, z ) ∈ S 2 ,

(5)

( x, y, z ) ∈ S 1 .

(6)

Let u(x, y, z; v ) denote a solution to this problem for given function v (x, y, z), (x, y, z). ∈ S2. Problem (4)–
(6) determines operator A that maps potential v on surface S2 into the potential on surface S1:
Av ≡ u ( x, y, z; v ),

( x, y, z ) ∈ S 1 .

Then, problem (1)–(3) can be formulated as the problem of solution of the following operator equation of
the first kind:
Av = U ( x, y, z ),

( x, y, z ) ∈ S 1 .

(7)

We apply the Tikhonov regularization method [10] to solve this problem. Let exact solution v (x, y, z),
(x, y, z) ∈ S2, to Eq. (7) exist for exact values U (x, y, z), (x, y, z) ∈ S1 but function U (x, y, z) be unknown.
Approximation Uδ(x, y, z), (x, y, z) ∈ S1, is specified such that ||Uδ – U|| L2 ( S1 ) ≤ δ. It is necessary to construct
approximate solution vδ(x, y, z) for known Uδ(x, y, z) and error δ.
Consider the functional
α

M [ v ] = Av – U δ

2
L2 ( S1 )

+α v

2
L2 ( S2 ) ,

α > 0.

(8)

Approximate solution vα is determined as an element that realizes the minimum of functional Mα[v ] where
regularization parameter appropriately depends on the value of error δ; i.e., α = α(δ). Approximate solution
vα can be found from the equation
αv + A* Av = A*U δ ,

(9)

which is a necessary condition for the minimum of functional (8). Operator A* maps function g(x, y, z) that
is specified on surface S1 into a function specified on surface S2. This operator is determined by the following
mixed problem:
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∆w ( x, y, z ) = 0,
w ( x, y, z ) = 0,

63

( x, y, z ) ∈ Ω,

(10)

( x, y, z ) ∈ S 2 ,

(11)

∂w
------- ( x, y, z ) = g ( x, y, z ),
∂n

( x, y, z ) ∈ S 1 .

(12)

Denoting a solution to this problem for given function g as w(x, y, z; g), we obtain [11, 12]
∂w
A*g = ------- ( x, y, z; g ),
∂n

( x, y, z ) ∈ S 2 .

Thus, operators A and A* entering Eq. (9) are determined by mixed problems (4)–(6) and (10)–(12), respectively.
The value α = α(δ) of the regularization parameter can be found from the discrepancy principle [13]:
Av α – U δ

L2 ( S1 )

= δ.

When certain preliminary information ṽ (x, y, z) on the form of the sought solution is known, the functional
α

M [ v ; ṽ ] = Av – U δ

2
L2 ( S1 )

+ α v – ṽ

2
L2 ( S2 ) ,

α > 0,

can be introduced instead of functional (8). An approximate solution is found from the necessary condition
α ( v – ṽ ) + A* Av = A*U δ

(13)

for the minimum. It follows from the foregoing that construction of an approximate solution is reduced to
solution of Eq. (9) or (13). Now, let us consider methods and algorithms for numerical solution of these
equations and boundary value problems (4)–(6) and (10)–(12).
4. METHOD OF BOUNDARY INTEGRAL EQUATIONS.
As has been shown in the previous sections, the main computational procedures are reduced to solution
of Euler equations (9) or (13), which necessitates solution of mixed boundary value problems (4)–(6) and
(10)–(12). It is a common computational practice to apply the finite element method (discretization of an
entire 3D region) and the method of boundary integral equations (see, e.g., [14, 15]) for numerical solution
of problems of the aforementioned type.
The method of boundary integral equations is a classic mathematical tool of theoretical investigation of
the solvability of boundary value problems for elliptical equations [16]. This method involves reduction of
boundary value problems to Fredholm boundary integral equations of the first and second kinds. The subsequent discretization of the boundary integral equations also enables one to obtain numerical solutions to
boundary value problems. An advantage of this method over the finite element method is that it is unnecessary to discretize entire region Ω.
Two approaches are usually applied to pass from boundary value problems to boundary integral equations. According to the first approach, a solution is sought in the form of the single- or double-layer potential. In the second approach, the unknown boundary conditions are determined as solutions to the integral
equations that follow directly from the fundamental Green’s formula (the third Green’s formula). The second method is more suited for solution of boundary value problems (4)–(6) and (10)–(12).
Consider region Ω (Fig.1) with sufficiently smooth boundary ∂Ω = S1 ∪ S2. Potential u in Ω (including
the boundary) satisfies the Laplace equation. With allowance for the fundamental solution to the Laplace
equation, a solution can be represented in the following integral form for the points of boundary ∂Ω:
2πu ( M ) =

∫

S1 ∪ S2

∂ ( 1/r )⎞
⎛ q ( P ) 1--- – u ( P ) --------------ds
⎝
r
∂n P ⎠
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S1
Ω

S2

Fig. 1. Region Ω.

or
2πu ( M ) +

∫

S1 ∪ S2

∂ ( 1/r )
u ( P ) --------------- ds =
∂n P

∫

S1 ∪ S2

1
q ( P ) --- ds,
r

(14)

where M, P ∈ ∂Ω, r is the Euclidean distance between points M and P, 1/r is the fundamental solution to the
Laplace equation in R3, nP is the unit vector of the inward normal at point P, and q(P) = ∂u ( P )/∂n P .
Let us split surface ∂Ω into boundary elements dsi: S = ds1 ∪ ds2 ∪ … ∪ dsn. We introduce a system of
n linearly independent basis elements (characteristic functions) ϕ1, ϕ2, …, ϕn that are defined as follows:
⎧ ϕ i ( s ) = 1,
⎨
⎩ ϕ i ( s ) = 0,

s ∈ ds i ,
s ∉ ds i .

The potential and its normal derivative are decomposed in the system of basis functions ϕi (step approximation):
n

u(s) =

∑ α ϕ ( s ),
i

i

i=1

(15)

n

q(s) =

∑ β ϕ ( s ),
i

i

i=1

where αi is the value of u(s) and βi is the value of q(s) at the center of gravity of the ith boundary element.
The substitution of (15) into (14) yields
(16)

Hu = Gq,
where the elements of matrices H and G are determined as
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⎧
( 1/r ij )
⎪ ∂----------------- ds, i ≠ j,
⎪ ∂n P
⎪Sj
h ij = ⎨
⎪ ∂ ( 1/r ij )
⎪ ------------------ ds + 2π, i = j,
⎪ ∂n P
⎩Sj

∫
∫

g ij =

1

- ds.
∫ ---r
Sj

ij

Boundary S is split into parts S1 and S2 (Fig. 1), and the boundary conditions are imposed on each part.
Therefore, it is convenient to represent Eq. (16) in the form
H 11 H 12 u 1

=

H 21 H 22 u 2

G 11 G 12 q 1

,

G 21 G 22 q 2

(17)

H = [ H kl ],
G = [ G kl ],

where index k is the number of the surface with fixed point M and index l is the number of the surface with
variable point P.
Mixed boundary value problems (4)–(6) and (10)–(12) are combined with boundary conditions (U2, Q1).
Thus, with allowance for known conditions, system (17) can be represented in the form
H 11 H 12 u 1
H 21 H 22 U 2

=

G 11 G 12 Q 1

(18)

.

G 21 G 22 q 2

From representation (18), one can obtain explicit matrix equations for a solution to the mixed boundary
value problem, i.e., for determination of u1 and q2. Since the mixed boundary value problem is an Hadamard
well-posed problem, the matrices of these equations are well-conditioned and can easily be inverted.
5. SIMULATION RESULTS
In this section, we present results of numerical solution of the inverse electrocardiography problem. The
simulation is performed according to the following scheme:
(i) Computation region Ω is specified,
(ii) A system of electric-field sources is specified,
(iii) The field of specified sources is calculated on surfaces S1 and S2 from the known relationships of the
potential theory,
(iv) A Gaussian noise of the intensity ranging from 1 to 15% is added to the potential on surface S1,
(v) The inverse problem of calculation of the potential on surface S2 from noisy data is solved,
(vi) The obtained solution is compared to a reference one.
As the calculation region, we used the geometric configuration displayed in Fig. 1. Dipole and quadrupole sources, as well as unit positive and negative charges randomly distributed in space, were specified
inside surface S2. The system of charges was formed such that the configuration of the electric field on surface S2 simulated the electric field of the heart. The surface was triangulated according the algorithms proposed in study [17]. The number of boundary elements (triangles) of the discretized surface was about 600–
1500.
Next, the iteration method was applied to solve Eqs. (9) and (13). At each iteration step, direct mixed
boundary value problems (4)–(6) and (10)–(12) were solved with the use of the method of boundary integral
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Fig. 2. Configuration of three spatially distributed field sources: (a) given configuration and (b) reconstructed configuration.

equations and the values of operators A and A* were calculated. The regularization parameter α was selected
according to the discrepancy principle.
For all the considered configurations of specified sources, the method exhibited stable convergence to
the solution with an error of 2–15% at a noise intensity of 1%. Within the employed model sources, the solution accuracy did not depend on the character of the potential to be reconstructed (with allowance for the
limitations imposed by the boundary-element method on the proximity of sources to the boundary).
The quality of the solution can be estimated from Figs. 2 and 3. These figures show the distribution u =
f(x, y) of the field potential in the upper part of the interior ellipsoid (see surface S2 in Fig. 1); x and y belong
to the upper part of S2.
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Fig. 3. Configuration of three sources grouped on the upper part of the interior surface: (a) given configuration and (b) reconstructed configuration.

A system of three charges is presented in Fig. 2. The positive charge is in the upper part of the interior
ellipsoid, and the two negative charges are situated symmetrically with respect to the ellipsoid’s center near
the side boundaries.
Figure 3 shows a system of three positive charges grouped in the upper part of the interior ellipsoid.
Thus, the method proposed in this study enables one to solve the inverse electrocardiography problem for region Ω that is close to the real geometry of the torso and heart. The distribution of the electric-field potential on interior surface S2 adequately simulates the potential of the electric field of the
heart.
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